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COMPARISON OF MODELS FOR (∞, n)-CATEGORIES, II
JULIA E. BERGNER AND CHARLES REZK
Abstract. In this paper we complete a chain of explicit Quillen equivalences
between the model category for Θn+1-spaces and the model category of small
categories enriched in Θn-spaces. The Quillen equivalences given here connect
Segal category objects in Θn-spaces, complete Segal objects in Θn-spaces, and
Θn+1-spaces.
1. Introduction
In [17], the second-named author developed the theory of Θn-spaces as models for
(∞, n)-categories and showed that they are the fibrant objects in a cartesian model
category. Since one of the expected properties of a good model for (∞, n)-categories
is that categories enriched in them should be models for (∞, n + 1)-categories, a
natural conjecture was that this property should hold for Θn-spaces.
The first step in proving this conjecture was establishing a model structure on the
category of small categories enriched in Θn-spaces. Because the model category for
Θn-spaces is sufficiently nice (with the cartesian property being particularly key),
we were able to use a theorem of Lurie to obtain the desired model structure, as
we showed in [7].
While a direct Quillen equivalence between the two model categories was not ex-
pected, there was a conjectured chain of Quillen equivalences between intermediate
model categories, mostly following by analogy from the case of (∞, 1)-categories,
where the simplicial category and complete Segal space model categories were shown
to be equivalent [6]. In [7], we established the first two Quillen equivalences in this
chain, proving that categories enriched in Θn-spaces are equivalent to Segal cate-
gory objects in Θn-spaces.
In this paper, we complete this conjectured chain of Quillen equivalences. We
prove that there is a Quillen equivalence between the model structure for Segal
category objects in Θn-spaces and the model structure for complete Segal objects
in Θn-spaces. We also establish one final Quillen equivalence between the model
structure for complete Segal objects in Θn-spaces and the model structure for Θn+1-
spaces. This equivalence is not present in the case when n = 0, since the two notions
coincide precisely as complete Segal spaces.
This last Quillen equivalence is the first in a chain interpolating between the Θn-
space model and the n-simplicial model for (∞, n)-categories as defined by Barwick
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and Lurie [14], [15]. Both models were already known to be equivalent on the level
of (∞, 1)-categories using the axiomatic methods of Barwick and Schommer-Pries
[3], but we give an alternative approach using an explicit Quillen equivalence on
the level of model categories. Another approach to some of the results in our work,
again on the level of (∞, 1)-categories, is given by Haugseng [9], [10]. In addition
to providing a comparison which employs the full strength of model categories,
rather than their underlying (∞, 1)-categories, our proof relies on different tools
than these other approaches. In particular, we work primarily in the context of
localized model structures for presheaf categories and do not require the framework
of category theory in quasi-categories.
Furthermore, much of the present paper is worked in a substantially more gen-
eral context than simply in (∞, n)-categories. The categories Θn are examples of
categories formed by the Θ-construction, and the model category framework for Θn-
spaces of [17] is developed in this more general setting. Here, we define complete
Segal objects in this same degree of generality and make the comparison accord-
ingly. However, more general Segal category objects present considerable technical
difficulties, so that our comparison here only holds between Segal category objects
and complete Segal objects in Θn-spaces.
Many other approaches to (∞, n)-categories are being investigated; some refer-
ences include [1], [2], [12], [14], [15], [16], [19], and [20]. We give a more substantial
survey in the first paper in this series [7].
We give a brief outline of the contents of the paper. In Section 2, we set up some
notation and review basic facts about simplicial presheaf categories and cartesian
structures. Section 3 is concerned with the Θ-construction and relations between
various presheaf categories. In Sections 4 and 5, we develop the model structures
for Θ-objects and complete Segal objects, respectively. In Section 6, we give a
Quillen equivalence between these model structures; Section 7 states the results
in the special case of models for (∞, n)-categories. We consider various notions of
equivalence of Segal space objects in Section 8, and these results are used in Section
9 to give the Quillen equivalence between Segal category objects and complete Segal
objects.
2. Notation and background
2.1. Simplicial objects and presheaf categories. We write ∆ for the simplicial
indexing category, with objects
[n] = {0 ≤ 1 ≤ · · · ≤ n}
and morphisms weakly order-preserving maps. We write δk0,...,km for the map
[m]→ [n] sending i 7→ ki for each 0 ≤ i ≤ m.
We sometimes extend the notation for objects in the following way. For p ≤ q
we write [p, q] = {p ≤ p + 1 ≤ · · · ≤ q}. As an object of ∆, it is identified with
[q − p]; the notation is meant to indicate that it is equipped with a distinguished
inclusion [p, q]→ [m] for m ≥ q, where for each p ≤ i ≤ q we have i 7→ i.
Let sSets denote the category of simplicial sets, or functors ∆op → Sets. For a
small category C, let sPSh(C) denote the category of presheaves of simplicial sets
on C, or functors Cop → sSets. We write F = FC : C → sPSh(C) for the Yoneda
embedding, defined by the representable object FC(c) = Hom(−, c) for any object
c of C, where the right-hand side is regarded as a discrete simplicial set.
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Given a functor f : C → D, we have a sequence of adjoint functors f# ⊣ f
∗ ⊣ f∗
of the form
sPSh(C)
f#

f∗

sPSh(D)
f∗
OO
where f∗ is the restriction functor, defined by (f∗X)(c) = X(fc) for any object c
of C. We note that there is a natural isomorphism of functors
f#FC
∼=
−→ FD : C → sPSh(D)
obtained using the adjointness of f# and f
∗.
We make use of the following observation: if f : C ⇄ D : g is an adjoint pair,
then there are natural isomorphisms f∗ ∼= g# and f∗ ∼= g
∗, and thus an adjoint
sequence of the form f# ⊣ f
∗ ∼= g# ⊣ f∗ ∼= g
∗ ⊣ g∗.
Let 1 denote the category with a single object and no non-identity morphisms,
suppose that C is equipped with a terminal object tC , and consider the result-
ing adjoint pair p : C ⇄ 1 : t, where t(1) = tC . Because p ◦ t = id, the functor
p∗ ∼= t# : sSets = sPSh(1) → sPSh(C), which sends a simplicial set X to the
constant functor with value X , is fully faithful. Thus sSets is equivalent to the
full subcategory of constant functors in sPSh(C), and we sometimes make this
identification silently.
More generally, if C and D each have terminal objects, then we obtain full embed-
dings π∗C : sPSh(C) → sPSh(C × D) and π
∗
D : sPSh(D) → sPSh(C × D), induced
by the two projection functors.
Example 2.2. We are most interested in the categories ∆ and Θn. (We review the
definition of Θn is the next section.) Both of these categories have terminal objects,
so sPSh(∆) and sPSh(Θn) can be regarded as full subcategories of sPSh(∆×Θn).
In particular, we regard both Yoneda functors F∆ and FΘn as objects of sPSh(∆×
Θn), and F∆×Θn([m], θ)
∼= F∆([m])× FΘn . For simplicity, we write FΘ for FΘn .
Unless indicated otherwise, when considering sPSh(C), we assume it has the
injective model structure, where weak equivalences and cofibrations are defined
levelwise in sSets. We often localize this model structure with respect to a set of
maps S, and denote the resulting model structure by sPSh(C)S . An S-fibrant object
is an injective fibrant object X such that MapsPSh(C)(f,X) is a weak equivalence
for all f ∈ S. An S-local object is any object levelwise weakly equivalent to an S-
fibrant object. We write S for the class of weak equivalences in this model category.
The pair (C,S) of a small category C together with a set S of maps in sPSh(C) is
sometimes called a presentation.
Throughout this paper morphisms between two objects can take several different
forms. By Hom we denote morphism set, by Map or map we denote morphism
simplicial set, and by Map or map we denote internal hom object in the relevant
category. (In some places we have additional notation to clarify the category in
which we take this internal hom; this notation will be explained as needed.)
2.3. Cartesian structures. The additional structure of a cartesian model cate-
gory is a key feature of some of the model categories which we consider in this
paper. We give a brief review of the definitions here, and the reader is referred to
[17, §2] for a detailed treatment.
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Definition 2.4. A category C is cartesian closed if it has finite products and, for
any two objects X and Y of C, an internal function object Y X , together with a
natural isomorphism
HomC(Z, Y
X) ∼= HomC(Z ×X,Y )
for any third object Z of C.
If a cartesian closed category additionally has a model structure, we can ask if
these two structures are compatible, in the following sense.
Definition 2.5. A model category M is cartesian if its underlying category is
cartesian closed, the terminal object is cofibrant, and the following equivalent con-
ditions hold.
(1) If f : A→ A′ and g : B → B′ are cofibrations inM , then the induced map
h : A×B′
∐
A×B
A′ ×B → A′ ×B′
is a cofibration. If either f or g is a weak equivalence then so is h.
(2) If f : A→ A′ is a cofibration and p : X ′ → X is a fibration in M, then the
induced map
q : (X ′)A
′
→ (X ′)A ×XA X
A′
is a fibration. If either f or p is a weak equivalence, then so is q.
We use the following proposition, which was proved in the special case of sim-
plicial spaces in [18, 9.2].
Proposition 2.6. [17, 2.10, 2.22] Let C be a small category and FC : C → sPSh(C)
the Yoneda embedding. Consider the category sPSh(C) with the injective model
structure and consider its localization with respect to a set S of maps. Suppose
that if W is an S-fibrant object, then so is WFC(c) for any object c of C. Then the
localized model structure is compatible with the cartesian closure.
We can incorporate cartesian-ness with the notion of presentation.
Definition 2.7. A presentation (C,S) is a cartesian presentation if, for every S-
local object X in sPSh(C) and s : S → S′ in S, the induced map Y s : Y S
′
→ Y S is
a levelwise weak equivalence, where Y is a fibrant replacement of X .
Proposition 2.8. [17, 2.11] Let (C,S) be a presentation. Then the following are
equivalent.
(1) The presentation (C,S) is a cartesian presentation.
(2) For any S-fibrant X in sPSh(C) and any c ∈ ob(C), the object XFc is
S-local.
(3) For any s : S → S′ in S and any c ∈ ob(C), the map s × Fc : S × Fc →
S′ × Fc is in S.
3. The Θ-construction and comparison functors
In this section we recall the Θ-construction for obtaining a new category ΘC from
a category C, and we set up a comparison between the categories ΘC and ∆ × C.
Some of the material in this section can be found in more detail in [17, §3-4].
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Let C be a small category, and define the category ΘC to have objects [m](c1, . . . , cm)
where [m] is an object of ∆ and each ci is an object of C. A morphism
[m](c1, . . . , cm)→ [p](d1, . . . , dp)
is given by a morphism δ : [m] → [p] in ∆ together with a morphism fij : ci → dj
in C for every 1 ≤ i ≤ m and 1 ≤ j ≤ p satisfying δ(i − 1) < j ≤ δ(i). Notice that
ΘC has a terminal object [0].
Example 3.1. Take Θ0 be the category 1 with one object and the identity mor-
phism only. Inductively define Θn = ΘΘn−1. The categories Θn were first defined
by Joyal; the inductive definition described here is due to Berger [5] and also given
in [17]. Observe that Θ1 = ∆.
Berger proved also that each Θn is a Reedy category, so the category sPSh(Θn)
can be equipped with the Reedy model structure, in which the weak equivalences
are given by levelwise weak equivalences of simplicial structure [4]. In [8], we prove
that Θn has the additional structure of an elegant Reedy category, so that the
Reedy model structure on sPSh(Θn) is exactly the injective model structure.
3.2. Comparison functors involving ∆×C and ΘC. Let C be a small category
with terminal object t = tC , and let p : C → 1 be the unique functor. We consider
the categories ∆× C and ΘC. Both these categories have canonical functors to ∆;
in fact, we have adjoint pairs
π∆ : ∆× C ⇄ ∆ : τ∆ and πΘ : ΘC ⇄ Θ1 = ∆ : τΘ
defined by π∆ = id∆×p, τ∆ = id∆×t, πΘ = Θp, and τΘ = Θt. Explicitly on
objects, we have
π∆(([m], c)) = [m] πΘ([m](c1, . . . , cm)) = [m]
τ∆([m]) = ([m], t) τΘ([m]) = [m](t, . . . , t).
On the level of simplicial presheaves, these functors allow us to define an under-
lying simplicial space associated to an object of sPSh(ΘC) or sPSh(∆×C); further
evaluating this underlying simplicial space at degree zero gives an underlying space.
For example, consider a functor X : ∆op × Cop → sSets. Then τ∗∆(X) is the
simplicial space given by [m] 7→ X([m], t), where t is the terminal object of C. In
other words, τ∗∆ is the simplicial space given by evaluation of X at the terminal
object of C, also written as X(−, t). The underlying simplicial set of X is given by
X([0], t).
Let d : ∆× C → ΘC be the functor defined on objects by
d([m], c) := [m](c, . . . , c).
Note that πΘd = π∆ and dτ∆ = τΘ.
The functor d induces the sequence of adjoint functors on presheaves
sPSh(∆× C)
d#

d∗

sPSh(ΘC).
d∗
OO
These adjoint pairs define Quillen pairs
d# : sPSh(∆× C)⇄ sPSh(ΘC) : d
∗
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and
d∗ : sPSh(ΘC)⇄ sPSh(∆× C) : d∗
on the projective and injective model structures, respectively. While our primary
interest is in the second Quillen pair, the first will be useful for making calculations.
Proposition 3.3. There are natural isomorphisms π∗Θd
∗ ∼= π∗∆ of functors sPSh(∆×
C) → sPSh(∆), and natural isomorphisms π∗∆d#
∼= π∗Θ of functors sPSh(ΘC) →
sPSh(∆).
Proof. The first isomorphism follows immediately from the fact that πΘd = π∆.
The second follows from the fact that dτ∆ = τΘ and the observation that π
∗
∆
∼=
(τ∆)# and π
∗
Θ
∼= (τΘ)# from Section 2.1. 
Explicitly, for any object W of sPSh(∆× C), we have
(d#W )([m](t, . . . , t)) ∼=W ([m], t),
and for any object X of sPSh(ΘC), we have
(d∗X)([m], t) ∼= X([m](t, . . . , t)).
That is, the functors d# and d
∗ both preserve underlying simplicial spaces, up to
isomorphism.
In particular, (d#W )([0]) ∼= W ([0], t) and (d
∗X)([0], t) ∼= X([0]). Since right
adjoints preserve terminal objects, we know that d∗(FΘC [0]) ∼= F∆[0]× FC(t), from
which we see that (d∗W )([0]) ∼= W ([0], t). That is, the functors d#, d
∗, and d∗ all
preserve underlying space, up to isomorphism.
3.4. The intertwining functor. Recall from [17, 4.4] the intertwining functor
V : Θ(sPSh(C))→ sPSh(ΘC),
defined on objects by
V [m](X1, . . . , Xm)([k](c1, . . . , ck)) := MapΘ(sPSh(C))([k](Fc1, . . . , F ck), [m](X1, . . . , Xm))
∼=
∐
δ : [k]→[m]
k∏
i=1
δ(i)∏
j=δ(i−1)+1
Xj(ci).
The intertwining functor is the left Kan extension of FΘC along ΘFC .
More generally, if f : K → F [m] is a map in sSets, regarded as a maps of discrete
objects in sPSh(ΘC), we define
Vf [m](X1, . . . , Xm) := lim
[
V [m](X1, . . . , Xm)→ F [m]
f
←− K
]
,
so that
Vf [m](X1, . . . , Xm)([k](c1, . . . , ck)) ∼=
∐
δ : F [k]→K
k∏
i=1
fδ(i)∏
j=fδ(i−1)+1
Xj(ci).
IfK ⊆ F [m] is a subobject, we often write VK [m](X1, . . . , Xm) for Vf [m](X1, . . . , Xm).
We recall that
Vf [m](X1, . . . , Xd−1,∅, Xd+1, . . . , Xm)
∼= Vf×F [m]F [0,d−1][m](X1, . . . , Xd−1) ∐ Vf×F [m]F [d,m][m](Xd+1, . . .Xm),
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and that
Vf [m](X1, . . . , Xd−1,−, Xd+1, . . . , Xm) : sPSh(C)→ Vf [m](X1, . . . , Xd−1,∅, Xd+1, . . . , Xm)\sPSh(ΘC)
is a left adjoint (and thus is colimit preserving), where the category on the right is
the category of objects of sPSh(ΘC) under Vf [m](X1, . . . , Xd−1,∅, Xd+1, . . . , Xm).
In particular, the functor
V [1] : sPSh(C)→ (F [0] ∐ F [0])\sPSh(ΘC)
is a left adjoint. Its right adjoint (∂F [1]
(x0,x1)
−−−−→ X) 7→ MΘX(x0, x1) is described
below. A short calculation gives the following useful fact.
Proposition 3.5. For any object c of C, there is an isomorphism V [1](FC(c)) ∼=
FΘ([1](c)) in sPSh(ΘC).
We also have that if f : K → F [m] is a colimit of a diagram J → sSets/F [m]
which sends an object j of J to a map fj : Kj → F [m], we have
Vf [m](X1, . . . , Xm) ∼= colimj∈J Vfj [m](X1, . . . , Xm),
the latter colimit taking place in sPSh(ΘC).
3.6. Relation between the comparison and intertwining functors. The re-
sults in this section are quite technical, but will be useful in what follows.
It is important to understand d∗(VK [m](X1, . . . , Xm)), where K ⊆ F [m]. We
have
d∗(VK [m](X1, . . . , Xm))([k], c) ∼=
∏
δ : F [k]→K
k∏
i=1
δ(i)∏
j=δ(i−1)+1
Xj(c)
∼=
∏
δ : F [k]→K
δ(k)∏
j=δ(0)+1
Xj(c).
In particular,
d∗(V [0]) ∼= F [0] = 1,
and
d∗(V [1](X)) ∼= colim

 ∐
δ : [k]→[1]
X(c)← X(c)∐X(c)→ F [0]∐ F [0]


∼= F [1]×X ∪∂F [1]×X ∂F [1],
where F [0]∐F [0] ∼= ∂F [1] ⊆ F [1] is the usual subobject. We write Σ: sPSh(C)→
sPSh(∆× C) for the functor Σ(X) := d∗(V [1](X)); it comes with a distinguished
map ∂F [1]→ Σ(X).
Proposition 3.7. There is a natural isomorphism d#(ΣX) ∼= V [1](X), compatible
with the natural isomorphism d#(∂F [1]) ∼= V [0]∐ V [0].
Proof. The functors
V [1], d#Σ: sPSh(C)→ (F [0]∐ F [0])\sPSh(ΘC)
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preserve sSets-weighted colimits. The isomorphism Σ
∼=
−→ d∗V [1] is adjoint to a map
α : d#Σ→ V [1]. Thus, it suffices to check that α is an isomorphism at representable
objects, which holds since there are isomorphisms
d#Σ(Fc) ∼= d#(F [1]× Fc ∪∂F [1]×Fc ∂F [1])
∼= F [1](c) ∪F [0]∐F [0] (F [0] ∐ F [0]) ∼= F [1](c).

The following result gives us an inductive description of d∗(Vf [m](X1, . . . , Xm)),
as a quotient of K × (X1 × · · · ×Xm).
Proposition 3.8. Fix a map f : K → F [m] of simplicial sets. Let
Tm = F [0,m− 1] ∪F [1,m−1] F [1,m],
which comes with an inclusion Tm → F [m]; the object Tm is the union of the first
and last faces of the m-simplex along their common intersection. Then for m ≥ 1
there is a pushout diagram in sPSh(∆× C) of the form
(Tm ×F [m] K)× (X1 × · · · ×Xm) //

K × (X1 × · · · ×Xm)

d∗(VTm×F [m]K [m](X1, . . . , Xm))
// d∗(VK [m](X1, . . . , Xm)).
Proof. Assume for simplicity that f = idF [m]. Note that maps δ : F [k] → Tm are
precisely the maps δ : [k] → [m] such that either δ(0) > 0 or δ(k) < m. If we
evaluate the above square at each corner at ([k], c), we get∐
δ : F [k]→Tm
∏m
j=1Xj(c)
//

∐
δ : F [k]→F [m]
∏m
j=1Xj(c)
∐
δ : F [k]→Tm
∏δ(k)
j=δ(0)+1Xj(c)
// ∐
δ : F [k]→F [m]
∏δ(k)
j=δ(0)+1Xj(c)
which is a pushout. 
Recall that because
Tm = F [0,m− 1] ∪F [1,m−1] F [1,m],
we have that
VTm
∼= VF [0,m−1] ∪VF [1,m−1] VF [1,m],
and d∗ preserves colimits. Thus the above proposition gives an inductive description
of d∗Vf .
We note that since Tm → F [m] is a monomorphism, it follows that the above
square is actually a homotopy pushout with respect to levelwise weak equivalences
in sPSh(∆× C). Furthermore, since
Tm = F [0,m− 1] ∪F [1,m−1] F [1,m]
presents Tm as a pushout along inclusions, the resulting pushout squares building
(Tm ×F [m] f)× (X1 × · · · ×Xm)
and
d∗(VTm×F [m]f [m](X1, . . . , Xm))
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are also homotopy pushouts.
3.9. Mapping objects. GivenX in sPSh(ΘC) and a vertex (x0, . . . , xm) ∈ X [0]
m+1,
we would like to define the mapping object ofX associated to the vertices x0, . . . , xm.
When m = 1, this object gives the presheaf of functions from x0 to x1, but we give
a more general definition. Let MΘX(x0, . . . , xm) denote the object of sPSh(C
m)
defined by
MΘX(x0, . . . xm)(c1, . . . , cm) := lim
(
X [m](c1, . . . , cm)→ X [0]
m+1 ← {(x0, . . . , xm)}
)
.
Equivalently, MΘX(x0, . . . , xm)(c1, . . . , cm) is the fiber of the map
MapsPSh(ΘC)(F [m](c1, . . . , cm), X)→ MapsPSh(ΘC)(∐m+1F [0], X)
over (x0, . . . , xm).
Likewise, givenW in sPSh(∆×C) and (x0, . . . , xm) ∈W ([0], t)
m+1, letM∆W (x0, . . . , xm)
denote the object of sPSh(C) defined by
M∆W (x0, . . . , xm)(c) := lim
(
W ([m], c)→W ([0], c)m+1 ← {(x0, . . . , xm)}
)
where the second arrow uses the map W ([0], t)→W ([0], c).
In particular, we note that M∆W (x0, x1)(c) is the fiber of the map
MapsPSh(∆×C)(Σ(FCc),W )→ MapsPSh(∆×C)(F [0]∐ F [0],W ).
The following fact can be verified from the definitions of these mapping objects.
Proposition 3.10. The functors d∗ and d∗ are compatible with M
∆ and MΘ.
That is, if W is an object of sPSh(∆ × C) and X is an object of sPSh(Θ × C),
then
MΘd∗W (x0, x1)
∼=M∆W (x0, x1) and M
∆
d∗X(y0, y1)
∼=MΘX(y0, y1)
for all x0, x1 ∈ W ([0], t) ∼= (d∗W )([0]) and y0, y1 ∈ X([0]) ∼= (d
∗X)([0], t).
4. Θ-objects
Let C be a small category with terminal object t. In this section, we are interested
in a certain localization of sPSh(ΘC) which is described in more detail in [17].
The local objects are those satisfying Segal and completeness conditions, together
with local conditions inherited from a localization of sPSh(C), given by a set S of
cofibrations in sPSh(C).
Recall that for simplicial spaces, the inclusion maps ϕm : G[m]→ F [m] form ≥ 0
are used to encode the Segal condition, where
G[m] = colim (F [1]→ F [0]← · · · → F [0]← F [1]) = F [0, 1] ∪ · · · ∪ F [m−1,m].
Notice that ϕ0 and ϕ1 are isomorphisms. Additionally, if E denotes the discrete
nerve of the groupoid with two objects and a single isomorphism between them,
the collapse map z : E → F [0] is used to encode the completeness condition.
For the more general case of sPSh(ΘC), the Segal condition is similarly encoded
by maps
G[m](c1, . . . , cm)→ F [m](c1, . . . , cm)
for each m ≥ 0 and m-tuple (c1, . . . , cm) of objects of C, where
G[m](c1, . . . , cm) := colim (F [1](c1)→ F [0]← · · · → F [0]← F [1](cm)) .
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Denote by SeΘ the set of all such maps. Equivalently, we can use the intertwining
functor to define SeΘ as the set of all maps of the form
VG[m][m](c1, . . . , cm)→ V [m](c1, . . . , cm).
Definition 4.1. Let (C,S) be a presentation. An object X of sPSh(ΘC) is a
Θ-object relative to S if:
(1) X is injective fibrant,
(2) for all m ≥ 2 and all tuples c1, . . . , cm of objects in C, the map
(Xδ01, . . . , Xδm−1,m) : X [m](c1, . . . , cm)→ X [1](c1)×X[0] · · · ×X[0] X [1](cm)
is a weak equivalence of simplicial sets,
(3) the object τ∗ΘX of sPSh(∆) is a complete Segal space, and
(4) for all x0, x1 ∈ X [0], the object M
Θ
X(x0, x1) in sPSh(C) is S-local.
Remark 4.2. We note that, in the presence of (1) and (4), we can replace condition
(2) with the following.
(2’) For all m ≥ 2, all tuples c1, . . . , cm of objects in C, and all x0, . . . , xm ∈
X [0], the map
MΘX(x0, . . . , xm)→M
Θ
X(x0, x1)× · · · ×M
Θ
X(xm−1, xm).
is a weak equivalence.
The following result was shown in [17, §8].
Proposition 4.3. Consider the injective model structure sPSh(ΘC), and the fol-
lowing sets of maps.
(1) Let SeΘ = {VG[m][m](c1, . . . , cm) → V [m](c1, . . . , cm)}, where m ≥ 0 and
(c1, . . . , cm) ∈ ob(C)
m.
(2) Let CptΘ = {π∗Θz}, where z : E → F [0] in sPSh(∆) is the map defining
completeness for simplicial spaces.
(3) Let RecΘ(S) = {V [1](f)}, where f ranges over all elements of S.
Let SΘ = SeΘ ∪CptΘ ∪RecΘ(S). Then X is a Θ-object if and only if it is injective
fibrant and SΘ-local.
The names of the sets of maps are meant to suggest, respectively, Segal maps, the
completeness map, and recursive maps, which capture localizations from sPSh(C)S .
The following theorem tells us that these maps define cartesian presentations.
Theorem 4.4. [17, 6.1, 7.21, 8.1] The presentations (ΘC, SeΘ) and (ΘC, SeΘ ∪CptΘ)
are cartesian. Furthermore, if (C,S) is cartesian, then so is (ΘC,SΘ).
The following criterion will be useful in what follows.
Proposition 4.5. Let f : X → Y be a map between SΘ-local objects in sPSh(ΘC).
Then f is in SΘ if and only if the map
f([0]) : X [0]→ Y [0]
and the maps
f [1](c) : X [1](c)→ Y [1](c)
for all objects c of C are weak equivalences of spaces.
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Proof. Recall that a map between SΘ-fibrant objects is in SΘ if and only if it
is a levelwise weak equivalence. For SΘ-fibrant objects, the value at a general
[m](c1, . . . , cm) in ΘC is a homotopy limit of values at [1](ci), for each 1 ≤ i ≤ m,
and [0], verifying the proposition when X and Y are SΘ-fibrant. Since any SΘ-
local object is levelwise weakly equivalent to a SΘ-fibrant object, the proposition
follows. 
Example 4.6. When C = Θn−1, so that ΘC = Θn, then Θ-objects are called Θn-
spaces. Since the categories Θn are meant to encode higher categories, in the sense
that ∆ encodes categories, Θn-spaces are higher-order versions of complete Segal
spaces and hence models for (∞, n)-categories.
5. Segal objects and complete Segal objects in sPSh(∆× C)
Again, let C be a small category with terminal object t = tC . We would like to
consider objects in sPSh(∆×C) which are analogous to the Θ-objects in sPSh(ΘC).
Definition 5.1. Let (C,S) be a presentation. An object W of sPSh(∆ × C) is a
Segal object relative to S if
(1) the object W is injective fibrant.
(2) for all m ≥ 2 and c objects of C, the map
(Wδ01, · · · ,Wδm−1,m) : W ([m], c)→W ([1], c)×W ([0],c) · · · ×W ([0],c)W ([1], c)
is a weak equivalence of spaces, and
(3) for all x0, x1 ∈W ([0], t), the object M
∆
W (x0, x1) in sPSh(C) is S-local.
We prove the following theorem in [7, 3.14] in the case where C = Θn with the
Θ-object localization. Here, we consider the more general case.
Theorem 5.2. There is a localization of the injective model structure on sPSh(∆×
C) in which the fibrant objects are precisely the Segal objects. Furthermore, this
model structure is cartesian if (C,S) is a cartesian presentation.
Proof. The existence of the model structure is obtained using a left Bousfield lo-
calization of the Reedy model structure [11, 4.1.1]. We localize with respect to the
union of the following two sets of morphisms:
(1) Se∆ = {G[m]× Fc→ F [m]× Fc}, for all c ∈ ob(C) and m ≥ 2, and
(2) Rec∆(S) = {Σ(s) : Σ(S)→ Σ(S′)} for all (s : S → S′) ∈ S.
An object W which is local with respect to Se∆ satisfies the condition that
W (−, c) is a Segal space for all objects c of C, and if W is local with respect to
Rec∆ then W ([m],−) is an S-local object in sPSh(C) for all [m] ∈ ob(∆).
To prove that the model structure is cartesian when (C,S) is, we apply Proposi-
tion 2.6 to ∆×C and use the localization just described. Therefore, we must prove
that if W is a Segal object, then so is WF∆×C([m],c) for any object ([m], c) of ∆×C.
Since W is assumed to be a Segal object, we know that, for any object [m] of
∆, W ([m],−) is a S-local, and, for any object c of C, W (−, c) is a Segal space.
Since the Segal space model structure and sPSh(C)S are cartesian, we know that
W (−, c)F∆[m] is a Segal space and W ([m],−)FC(c) is S-local. Therefore, it suffices
to prove that
WF∆×C([m],t)(−, c) ∼=W (−, c)F∆[m]
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for every object [m] of ∆ and the terminal object t of C, and
WF∆×C([0],c)([m],−) ∼=W ([m],−)FC(c)
for every object c of C. We prove the first of these isomorphisms; the second is
proved analogously.
Let Map∆, MapC , and Map∆×C denote the internal hom objects in sPSh(∆),
sPSh(C), and sPSh(∆×C), respectively. Then we have isomorphisms on the level
of k-simplices[
W (−, c)F∆[m]
]
k
∼= Map∆(F∆[k],W (−, c)
F∆[m])0
∼= Map∆(F∆[k]× F∆[m],W (−, c))0
∼= Map∆(F∆[k]× F∆[m], ([ℓ] 7→ MapC(FC(c),W ([ℓ],−))(t)))0
∼= Map∆×C(F∆[k]× F∆[m]× FC(c),W )([0], t)
∼= Map∆×C(F∆[k]× FC(c),W
F∆[m])([0], t)
∼= Map∆×C(F∆[k]× FC(c),W
F∆×C([m],t))([0], t)
∼= Map∆(F∆[k],W
F∆×C([m],t)(−, c))0
∼=
[
WF∆×C([m],t)(−, c)
]
k
which proves the desired isomorphism. 
We now add further conditions to obtain complete Segal objects.
Definition 5.3. Let (C,S) be a presentation. An object W of sPSh(∆ × C) is a
complete Segal object relative to S if:
(1) the object W is injective fibrant,
(2) for all m ≥ 2 and c ∈ ob(C), the map
(Wδ01, · · · ,Wδm−1,m) : W ([m], c)→W ([1], c)×W ([0],c) · · · ×W ([0],c)W ([1], c)
is a weak equivalence of spaces,
(3) for all x0, x1 ∈W ([0], t), the object M
∆
W (x0, x1) in sPSh(C) is S-local,
(4) the object τ∗∆W of sPSh(∆) is a complete Segal space, and
(5) for all objects c ∈ C, the map W ([0], t)→W ([0], c) is a weak equivalence.
Remark 5.4. The need for condition (5) requires some explanation, since it is
unnecessary in the case of complete Segal spaces. A simplicial object in any cate-
gory C, satisfying the Segal condition, models an internal category C, where both
the morphisms and the objects have the structure of objects of C. However, our
objective in defining complete Segal objects is to have an up-to-homotopy version
of categories enriched in C, where only the morphisms are objects of C and the
objects form a set.
This feature is more distinct in the structure of Segal category objects, where the
degree zero object is forced to be a set. Looking for a moment at the case of (∞, 1)-
categories, the transition from Segal categories (with discrete space in degree zero)
to complete Segal spaces (where we drop the discreteness assumption but require
completeness) can be thought of as a homotopical change: a set is replaced by a
space. Here, we want the same transition. In particular, we want the object in
degree zero to be a space, not a more general object of sPSh(C).
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Remark 5.5. Condition (4) is equivalent to requiring that the simplicial space
W (−, t) be a complete Segal space, where t is the terminal object of C. In other
words, this assumption corresponds to the desired weak equivalence between the
object in degree zero and the object of homotopy equivalences. We do not assume
what one might expect, which is the following condition:
(4’) W (−, c) is a complete Segal space for any object c in C.
This condition is, however, the more desirable one, in that it is compatible with the
cartesian structure. As we will see, in some cases the two conditions are equivalent.
Theorem 5.6. There is a simplicial model structure on sPSh(∆×C) in which the
fibrant objects are the complete Segal space objects.
Proof. Consider the following sets of maps in sPSh(∆× C).
• Let Se∆ = {G[m] × Fc → F [m] × Fc}, where c ranges over objects of C,
and m ≥ 2.
• Let Rec∆(S) = {Σ(s) : Σ(S)→ Σ(S′)} for all (s : S → S′) ∈ S.
• Let Cpt∆ = {π∗∆z}, where z : E → F [0] is the map defining completeness
in sPSh(∆).
• Let Coll∆ = {F ([0], c)→ F ([0], t)} for all c in C.
The naming is done analogously to Θ-objects; the name of the last set is meant
to suggest collapse maps. Let S∆ = Se∆ ∪Cpt∆ ∪Rec∆(S) ∪ Coll∆. Then X is a
complete Segal object if and only if it is injective fibrant and S∆-local.
Localizing the injective model structure with respect to S∆ produces the desired
model structure. 
The following result allows us to identify complete Segal objects.
Proposition 5.7. Let f : W → Z be a map between S∆-local objects in sPSh(∆×
C). Then f is in S∆ if and only if
f([0], t) : W ([0], t)→ Z([0], t)
and
f([1], c) : W ([1], c)→ Z([1], c),
for all objects c of C, are weak equivalences of spaces.
Proof. Recall that a map between S∆-fibrant objects is in S∆ if and only if it is a
levelwise weak equivalence. For S∆-fibrant objects, the value at a general ([m], c)
in ∆ × C is a homotopy limit of values at ([1], c) and ([0], t), so the proposition
holds when W and Z are S∆-fibrant. Since any S∆-local object is levelwise weakly
equivalent to a S∆-fibrant object, the proposition follows. 
We now turn to model structures on sPSh(∆ × C) where only some of the
conditions for complete Segal objects hold.
Proposition 5.8. There is a simplicial model structure ACSS on the category
sPSh(∆× C) in which the fibrant objects satisfy conditions (1)-(4).
Proof. The existence of the model structure can be obtained by localizing the Segal
object model structure with respect to Cpt∆. 
We call the fibrant objects in this model structure almost complete Segal objects.
However, this model structure as described is not cartesian. Therefore, we include
the following result.
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Proposition 5.9. There is a cartesian model structure on the category sPSh(∆×
Θn) in which the fibrant objects satisfy conditions (1)-(3) and (4’).
Proof. The model structure can be obtained by localizing the Segal object model
structure with respect to the set of maps
{F [0]× Fc→ E × Fc}
where c ranges over all objects of C. The proof that the model structure is cartesian
can proved similarly as the Segal object model structure was in Theorem 5.2. 
These two model structures actually coincide in the special case when C = Θn.
The following proposition is a generalization of a result of Johnson-Freyd and Sche-
imbauer [13, 2.8]; while their proof is given in the context of sPSh(∆n), their
argument can be modified to our context.
Proposition 5.10. An object in sPSh(∆×Θn) which satisfies conditions (1)-(4)
also satisfies the stronger condition (4’).
6. Comparison between complete Segal objects and Θ-objects
In this section we establish a Quillen equivalence between the model structures
for Θ-objects and the model structure for complete Segal objects.
Proposition 6.1. The functor d∗ : sPSh(∆ × C) → sPSh(ΘC) takes S
∆-fibrant
objects to SΘ-fibrant objects.
Proof. Given a complete Segal object W , we must check conditions (1),(2), (3),
and (4) of Definition 4.1 for d∗W to be a Θ-object. Since d∗ is the right adjoint of
a Quillen pair between injective model categories, d∗W is injective fibrant, estab-
lishing (1).
Recall that MapsPSh(ΘC)(X, d∗W )
∼= MapsPSh(∆×C)(d
∗X,W ). Thus, to show
that (2), (3), and (4) hold, it suffices to show that d∗ SeΘ, d∗ CptΘ, and d∗RecΘ(S)
are all contained in S∆.
We note that to show that a map f is contained in S∆, it suffices to show that f
is weakly equivalent (with respect to levelwise weak equivalences in sPSh(∆× C))
to a homotopy colimit hocolim fα, where each fα ∈ S∆, and the homotopy colimit
is computed with respect to the levelwise weak equivalences.
We further note that if B
f
←− A → C is a diagram in any of the categories
sPSh(∆× C), sPSh(ΘC), or sPSh(∆) such that f is an injective cofibration (i.e.,
a levelwise monomorphism), then the pushout of the diagram is also a homotopy
pushout with respect to levelwise weak equivalences. Furthermore, d∗ preserves
such diagrams, being the left adjoint of a Quillen pair between injective model
structures.
To prove (2), we want to show that d∗ SeΘ ⊆ S∆. Consider the maps
ϕm,c = Vϕm [m](Fc1, . . . , F cm) : VG[m][m](Fc1, . . . , F cm)→ V [m](Fc1, . . . , F cm)
in SeΘ. We aim to show by induction on m that d∗ϕm,c ∈ S∆ for all c = c1, . . . , cm.
The cases of m = 0 and m = 1 are immediate, since ϕ0 and ϕ1,c are isomorphisms.
Now suppose m ≥ 2. We need to show that d∗ϕm,c ∈ S∆ by using the (homo-
topy) pushout square of Proposition 3.8. That is, we need to show that each of the
three maps
α = (Tm ×F [m] ϕ
m)× (Fc1 × · · · × Fcm),
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β = ϕm × (Fc1 × · · · × Fcm),
and
γ = d∗(VTm×F [m]sm [m](Fc1, . . . , F cm)).
are contained in S∆. (Recall that Tm = F [0,m− 1] ∪F [1,m−1] F [1,m].)
Because Se∆ is cartesian, we know that ϕk × Y ∈ Se∆ ⊆ S∆ for all k ≥ 0 and
all Y in sPSh(∆× C). Thus the map β is in S∆.
It is straightforward to check that the pullback of the map ϕm : G[m] → F [m]
along the inclusion F [p, p+ k]→ F [m] is isomorphic to the map ϕk : G[k]→ F [k].
We can use this observation to identify both α and γ as homotopy pushouts of
maps in S∆.
That is, the map α is itself a (homotopy) pushout of maps of the form ϕk × Y ,
and thus is in S∆. Similarly, the map γ is a (homotopy) pushout of maps of the
form Vϕk [k](Fci1 , . . . , F cik), which are contained in S
∆ by the inductive hypothesis,
since k < m.
To prove (3), recall that d∗π∗Θ = π
∗
∆, and thus d
∗ CptΘ = Cpt∆ ⊆ S∆. Lastly,
to prove (4), recall from Section 3.6 that d∗V [1](f) = Σ(f), and thus d∗ RecΘ(S) ⊆
Rec∆(S) ⊆ S∆. 
Corollary 6.2. The adjoint pair
d∗ : sPSh(ΘC)SΘ ⇄ sPSh(∆× C)S∆ : d∗
is a Quillen pair.
Proof. Using Proposition 6.1, we can conclude that d∗(SΘ) ⊆ S∆, and thus d∗
preserves both cofibrations and acyclic cofibrations. 
Proposition 6.3. The functor d∗ : sPSh(ΘC) → sPSh(∆ × C) takes SΘ-local
objects to S∆-local objects.
Proof. Given an SΘ-local object X of sPSh(ΘC), we want to show that d∗X is S∆-
local. Since d∗ preserves all levelwise weak equivalences, we can assume without loss
of generality that X is also injective fibrant, i.e., that X is SΘ-fibrant. It suffices to
show that an injective fibrant replacement f : d∗X → Fd∗X is S∆-fibrant. Thus,
we must show that Y = Fd∗X satisfies conditions (2)–(5) of Definition 5.3 for a
complete Segal object.
First we prove (2). We have that
Y ([m], c) ≃ (d∗X)([m], c) = X([m](c, . . . , c)),
while
Y ([1], c)×Y ([0],c) · · · ×Y ([0],c) Y ([1], c) ∼= X [1](c)×
h
X[0] · · · ×
h
X[0] X [1](c).
That (2) holds is then immediate from the fact that X is SeΘ-fibrant.
Next we prove (3). We have that
Y ([m], t) ∼= (d∗X)([m], t) = X [m](t, . . . , t)
for all m. That is, there is a levelwise weak equivalence τ∗ΘX → τ
∗
∆Y in sPSh(∆).
Then (3) follows from the fact that X is CptΘ-fibrant.
Next we establish (4). For each object c in C, the map Y ([1], c) → Y ([0], c)×2
(which is a fibration since Y is injective fibrant and ∂F [1]× Fc→ F [1]× Fc is an
injective cofibration in sPSh(∆×C)) is weakly equivalent to the map X([1](c))→
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X([0])×2. The latter map is also a fibration since X is injective fibrant and F [0]∐
F [0] → F [1](c) is an injective cofibration in sPSh(ΘC)), and the map X [0] →
Y ([0], t) is a weak equivalence. Thus we have a levelwise weak equivalence
MΘX(x0, x1) =M
∆
d∗X
(x0, x1)→M
∆
Y (f(x0), f(x1))
in sPSh(C) for all x0, x1 ∈ X [0]. Now (4) follows from the fact that X is Rec
Θ(S)-
fibrant.
Lastly, we prove (5). We have that d∗X([0], c) = X([0]), and thus d∗X([0], t)→
d∗X([0], c) is an isomorphism for all c. Therefore Y ([0], t) → Y ([0], c) is a weak
equivalence for all c. 
Theorem 6.4. The adjoint pair
d∗ : sPSh(ΘC)SΘ ⇄ sPSh(∆× C)S∆ : d∗
is a Quillen equivalence.
Proof. Recall that all objects are cofibrant in both model categories. We must
prove that:
(1) for any S∆-fibrant object W in sPSh(∆× C), the map d∗d∗W → W is in
S∆, and
(2) for any object X in sPSh(ΘC), the composite
X → d∗d
∗X → d∗FS∆d
∗X
is in SΘ, where FS∆ is a fibrant replacement functor in sPSh(∆× C)S∆ .
First we prove (1). By Propositions 6.1 and 6.3, we know that d∗d∗W is S
∆-local.
Since the map in question is between two local objects, it suffices by Proposition
5.7 to show that the maps
(d∗d∗W )([0], t)→W ([0], t) and (d
∗d∗W )([1], c)→W ([1], c)
are weak equivalences. The first map is actually an isomorphism, using the fact
that
τ∗∆d
∗d∗ ∼= τ
∗
Θd∗
∼= (πΘ)∗d∗ ∼= (π∆)∗ ∼= τ
∗
∆.
For the second map, note that
(d∗d∗W )([1], c) ∼= MapsPSh(∆×C)(Σ(Fc),W ),
and that, using the fact that Σ(Fc) is defined via a pushout (see Section 3.6), the
map can be identified in the top arrow of the pullback square
Map(Σ(Fc),W ) //

Map(F [1]× Fc,W )

Map(∂F [1]× Ft,W ) // Map(∂F [1]× Fc,W ).
The square is in fact a homotopy pullback square of spaces (since W is injective
fibrant and ∂F [1]× Fc→ F [1]× Fc is an injective cofibration). The result follows
from the fact that the bottom horizontal arrow is a weak equivalence, since W is
S∆-fibrant.
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Next we prove (2). Choose an SΘ-fibrant replacement X → FSΘX , and consider
the commutative square
X //

d∗FS∆d
∗X

FSΘX // d∗FS∆d
∗FSΘX
in which the vertical arrows are in SΘ. For the right-hand arrow, we use that
d∗ : sPSh(ΘC)SΘ ⇄ sPSh(∆× C)S∆ : d∗
is a Quillen pair, by Corollary 6.2, and that all objects are cofibrant. Thus, to show
that the top horizontal arrow is in SΘ, it suffices to show the bottom horizontal
arrow is. Furthermore, since d∗ takes SΘ-local objects to S∆-local objects by
Proposition 6.3, we can replace the FS∆ in the lower right-hand corner with an
injective fibrant replacement functor F . The resulting object d∗Fd
∗FSΘX is itself
SΘ-fibrant by Proposition 6.1.
Therefore, by Proposition 4.5 it suffices to prove that if X is a SΘ-fibrant object
of sPSh(ΘC), then the maps
X [0]→ (d∗Fd
∗X)[0], X [1](c)→ (d∗Fd
∗X)[1](c)
are weak equivalences of spaces. The result follows using Lemma 6.5. 
Lemma 6.5. Let X be any object of sPSh(ΘC). Then the maps
X [0]→ (d∗Fd
∗X)[0], X [1](c)→ (d∗Fd
∗X)[1](c)
are weak equivalences of spaces.
Proof. In the first case, because d∗(F [0]) ∼= F [0]×Ft, the map is isomorphic to the
weak equivalence
(d∗X)([0], t)→ (Fd∗X)([0], t).
In the second case, because d∗(F [1](c)) ∼= Σ(Fc), the map is isomorphic to
Map(Σ(Fc), d∗X)→ Map(Σ(Fc),Fd∗X).
Using the pushout decomposition
Σ(Fc) ∼= (F [1]× Fc) ∪∂F [1]×Fc ∂F [1]× Ft,
we see that we can obtain this map by taking pullbacks of the rows in the diagram
(d∗X)([1], c) //
≃

(d∗X)([0], c)×2
≃

(d∗X)([0], t)×2
g
≃
oo
≃

(Fd∗X)([1], c)
f // (Fd∗X)([0], c)×2 (Fd∗X)([0], t)×2oo
The vertical maps are weak equivalences of spaces. The map marked f is a fibration,
since ∂F [1] × Fc → F [1] × Fc is an injective cofibration and Fd∗X is injective
fibrant. The map marked g is an isomorphism (and thus a fibration), since d#(F [0]×
Fc→ F [0]× Ft) is an isomorphism. Therefore, taking limits along rows computes
homotopy pullbacks, and the induced map between them is a weak equivalence. 
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7. Equivalence between ΘnSp and complete Segal objects in Θn−1Sp
In this section we look at consequences of the results of the previous section for
models of (∞, n)-categories.
Let ΘnSp denote the model category sPSh(Θn)SΘ , and let CSS(Θn−1Sp) denote
the model category sPSh(∆ × Θn−1)S∆ . Then we have the following special case
of Theorem 6.4.
Corollary 7.1. The adjoint pair (d∗, d∗) induces a Quillen equivalence of localized
model categories
d∗ : CSS(Θn−1Sp)⇆ ΘnSp : d
∗.
However, this Quillen equivalence can be extended to a chain, by iterating the
application of the adjoints (d∗, d
∗).
Observe that the functor d can be iterated to obtain a chain of functors connect-
ing ∆n and Θn:
∆n → ∆n−1 ×∆→ ∆n−2 ×Θ2 → · · · → ∆×Θn−1 → Θn.
This chain induces a string of Quillen pairs
sPSh(∆n)⇆ sPSh(∆n−1 ×∆)⇆ · · ·⇆ sPSh(Θn)
on the level of injective model structures.
Then applying Proposition 5.8 to each of these model categories, we have the
following result.
Corollary 7.2. For any 1 ≤ i ≤ n, there exists a model structure CSSi(Θn−iSp)
on the category sPSh(∆i×Θn−i) in which the fibrant objects W satisfy the following
conditions:
(1) W is injective fibrant,
(2) W (−, x) is a Segal space for each object x in ∆i−1 ×Θn−i,
(3) W ([m],−) is a complete Segal object in CSSi−1(Θn−iSp) for each object
[m] of ∆,
(4) W (−, t) is a complete Segal space, where t is the terminal object of ∆i−1 ×
Θn−i, and
(5) W ([0],−) is essentially constant..
Observe that in the case where i = 0, if we take CSS0(Θn−1Sp) to be Θn−1Sp,
then we obtain complete Segal objects in Θn−1Sp, as described in Corollary 7.1.
Furthermore, if i = n, this description of the fibrant objects exactly coincides with
the Barwick-Lurie definition of n-fold complete Segal spaces [15, 2.1.37]. Applying
Theorem 6.4 to the adjoint pairs described above, we obtain the following result.
Corollary 7.3. There is a chain of Quillen equivalences
CSSn(sSets)⇆ CSSn−1(Θ1Sp)⇆ · · ·⇆ CSS(Θn−1Sp)⇆ ΘnSp.
8. Notions of equivalence in complete Segal objects
The goal for the remainder of the paper is to establish the final desired Quillen
equivalence of model categories, namely the one between Segal category objects
and complete Segal objects. Ultimately, we must restrict to complete Segal objects
in sPSh(∆ × Θn), rather than in more general sPSh(∆ × C), since currently we
only have a model structure for Segal category objects in this context. We refer
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to complete Segal objects in sPSh(∆ × Θn) as complete Segal objects in ΘnSp
and denote the model structure by CSS(ΘnSp). Most of the constructions to this
section that we make in this setting can be done in the more general context,
however.
We also make use of the model structure sPSh(∆ × Θn) whose fibrant objects
satisfy conditions (1)-(4) of Definition 5.3, and hence condition (4’) by Proposition
5.10, but not necessarily condition (5). Recall that we refer to these fibrant objects
as almost complete Segal objects and denote the corresponding model structure by
ACSS(ΘnSp).
It is often convenient here to think of (complete) Segal objects here as functors
∆op → ΘnSp, although at times we continue to think of them as functors ∆
op ×
Θopn → sSets as previously. In the latter perspective, when specifying the terminal
objects of ∆ and Θn, we sometimes clarify by denoting them by [0]∆ and [0]Θ,
respectively.
8.1. Segal objects in ΘnSp. Given a Segal object W , define its objects to be the
elements of the set ob(W ) = W ([0]∆, [0]Θ)0. Given two elements x, y ∈ ob(W ),
we define the mapping object M∆W (x, y) as the fiber of the map (d1, d0) : W1 →
W0 ×W0 over the point (x, y), which is a presheaf on Θn. Since W is assumed
to be injective fibrant, which is precisely Reedy fibrant in this case, the mapping
object is homotopy invariant. Observe that this definition coincides with the one
given in Section 3.9.
As we have seen, we can obtain a simplicial space from a Θn-space via the functor
τ∗Θ. Taking the space in degree zero of τ
∗
ΘM
∆
W (x, y), we get mapping spaces for W .
As a consequence, it is possible to define the homotopy category Ho(W ) of a Segal
object W as the homotopy category of the Segal space τ∗W , where the objects are
those of W and the morphisms are the components of the mapping spaces.
Definition 8.2. A map f : W → Z of Segal objects in ΘnSp is a Dwyer-Kan
equivalence if:
• for any objects x and y of W , the induced map M∆W (x, y) → M
∆
Z (fx, fy)
is a weak equivalence in ΘnSp, and
• the induced functor Ho(W )→ Ho(Z) is an equivalence of categories.
In order to compare complete Segal space objects to Segal category objects,
we need to understand the relationship between the weak equivalences in the two
model structures. The purpose of this section is to establish that weak equivalences
between Segal objects in CSS(ΘnSp) are precisely Dwyer-Kan equivalences.
For any x ∈ ob(W ) = W ([0]∆, [0]Θ)0, define its identity map idX to be s0(x) ∈
M∆W (x, x)0. Two maps f, g ∈ M
∆
W (x, y)0 are homotopic if they lie in the same
component of the induced mapping space, denoted by f ≃ g.
Recall the more general mapping object M∆W (x0, . . . , xk) from Section 3.9; it is
a functor Θopn → sSets and comes equipped with induced acyclic fibrations
ϕk : M
∆
W (x0, . . . , xk)→M
∆
W (x0, x1)× · · · ×M
∆
W (xk−1, xk).
We can then define composition in a Segal objectW . Given (f, g) ∈M∆W (x, y)0×
M∆W (y, z)0, a composition is a lift of ϕ2 to some k ∈ M
∆
W (x, y, z)0; a result of this
composition is d1(k) ∈M
∆
W (x, z)0. While k is not uniquely determined, since ϕ2 is
an acyclic fibration we can conclude that any two choices for k give results that are
homotopic. Therefore, we write g ◦ f for the result of some composition of f and g.
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The following proposition can be proved as for ordinary Segal spaces [18, 5.4].
Proposition 8.3. Let W be a Segal object. Given f ∈M∆W (w, x)0, g ∈M
∆
W (x, y)0,
and h ∈M∆W (y, z)0, we have (h ◦ g) ◦ f ≃ h ◦ (g ◦ f) and f ◦ idw ≃ idx ◦f .
Definition 8.4. LetW be a Segal object. An element g ∈M∆W (x, y)0 is a homotopy
equivalence if there exist f, h ∈M∆W (y, x)0 such that g ◦ f ≃ idy and h ◦ g ≃ idx.
Observe in this case that h ≃ h ◦ g ◦ f ≃ f and that, for any x ∈ ob(W ),
idx ∈M
∆
W (x, x)0 is a homotopy equivalence. Once again, the following lemma can
be proved just as for complete Segal spaces [18, 5.8].
Proposition 8.5. If g ∈W ([1], [0]Θ)0 and there exists a path FΘ[1]([0])→W1 from
g to a homotopy equivalence g′ ∈W ([1], [0]Θ)0, then g is a homotopy equivalence.
Definition 8.6. Define the homotopy equivalences of W , denoted by Wheq, to
consist of those components of W1 containing homotopy equivalences.
Now observe that the degeneracy map s0 : W0 →W1 factors through Wheq. We
would like a complete Segal object in ΘnSp to satisfy the condition that the map
s0 : W0 → Wheq is a weak equivalence in ΘnSp. As in the case of ordinary complete
Segal spaces, we can show that this condition is equivalent to condition (4’).
8.7. Categorical equivalences. Recall that E is the nerve of the category with
two objects and a single isomorphism between them. We can treat it as a discrete
simplicial object in ΘnSp.
Definition 8.8. Let f, g : U → V be maps between Segal space objects. A cate-
gorical homotopy between f and g is given by a map H : U ×E → V such that the
diagram
U
id×i0

f
##❋
❋❋
❋❋
❋❋
❋❋
U × E
H // V
U
id×i1
OO
g
;;①①①①①①①①①
commutes. Equivalently, a categorical homotopy is given by a map H ′ or H ′′ as
given in its respective commutative diagram
V F
i0

{f}
""❊
❊❊
❊❊
❊❊
❊
U
H′ //
f
>>⑤⑤⑤⑤⑤⑤⑤⑤
g
  ❆
❆❆
❆❆
❆❆
❆ V
E
V i0
OO
V i1

E
H′′ // V U
V F [0]
i1
OO
{g}
<<③③③③③③③③
.
Proposition 8.9. Suppose that U and W are Segal objects and W is almost com-
plete. Then maps f, g : U → W are categorically homotopic if and only if there
exists a homotopy K : U →W∆[1] which restricts to f and g on its endpoints.
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Proof. Consider the following diagram in the category of functors ∆op → ΘnSp
over W ×W :
W //

WE

WF [1] // W ×W
where the maps out of W are given by the inclusion of an object into either F [1]
or E, as appropriate. The former is a levelwise weak equivalence since it is the
inclusion of constant paths in the path fibration. The latter is a levelwise weak
equivalence because W satisfies condition (4’). We know further that the maps to
W ×W are both fibrations in the Reedy model structure.
If f and g are simplicially homotopic, then we have a map K : U → WF [1]
such that the composite with the map to W ×W is precisely (f, g). To obtain a
categorical homotopy, then we need this composite map to factor through WE . If
the maps out of W were fibrations (in particular if W were a pullback), then we
could factor K though W . However, they are not.
To remedy this situation, take the pullback
P =WF [1] ×W×W W
E
and then factor the natural map W → P as a levelwise acyclic cofibration followed
by a fibrationW → Q→ P . Now the mapsWF [1] ← P →WE are fibrations, since
P is a pullback along fibrations, and by composition so are the mapsWF [1] ← Q→
WE . But we also know that these two maps are levelwise weak equivalences, by
the 2-out-of-3 property. Therefore, a lift
Q
≃

U //
<<②
②
②
②
②
WF [1]
exists, which we can compose with Q → WE to obtain the desired categorical
homotopy.
Now observe that this argument is completely symmetric; if we began instead
with a categorical homotopy U → WE , we can produce a simplicial homotopy
U →WF [1]. 
Definition 8.10. A map g : U → V of Segal space objects is a categorical equiv-
alence if there exist maps f, h : V → U together with categorical homotopies
gf ≃ idV and fg ≃ idU .
Proposition 8.11. A map g : U → V between almost complete Segal objects is a
categorical equivalence if and only if it is a levelwise weak equivalence.
Proof. We know from Proposition 8.9 that g is a categorical equivalence if and
only if it is a simplicial homotopy equivalence. Since U and V Reedy fibrant
and cofibrant, then simplicial homotopy equivalence coincides with Reedy weak
equivalence. 
We now show that categorical equivalences are compatible with the cartesian
structure.
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Proposition 8.12. Let U , V , and W be Segal objects. If f, g : U → V are cate-
gorically homotopic maps, then so are the induced maps W f ,W g : WV →WU .
Proof. Let H : U × E → V be a categorical homotopy between f and g. Then
WH : WV →WU×E ∼= (WU )E
defines a categorical homotopy between W f and W g. 
Corollary 8.13. If U → V is a categorical equivalence between Segal objects, then
so is WV → WU .
Recall that in our current setting the model structure ACSS agrees with the
model structure of Theorem 5.9, which is cartesian.
Proposition 8.14. A categorical equivalence f : U → V between Segal objects is a
weak equivalence in ACSS.
Proof. We want to show that Map(f,W ) is a weak equivalence of simplicial sets
for any Segal object W satisfying (4’). Consider W f : WV → WU . Since W is a
fibrant object in a cartesian model structure, so are both WV and WU . Therefore,
W f is a categorical equivalence by Corollary 8.13 and therefore a levelwise weak
equivalence by Proposition 8.11. But then passing to the mapping space Map(f,W )
is still a weak equivalence, proving the proposition. 
Corollary 8.15. A categorical equivalence between Segal objects is a weak equiva-
lence in ACSS(ΘnSp).
8.16. Dwyer-Kan equivalences. The following result is the analogue of [18, 7.6].
Observe that so far in this section we have not used condition (5) for complete Segal
space objects. However, when we consider Dwyer-Kan equivalences, it is necessary
to use this property.
Proposition 8.17. A map f : U → V between complete Segal objects is a Dwyer-
Kan equivalence if and only if it is a levelwise weak equivalence.
Proof. A levelwise weak equivalence is always a Dwyer-Kan equivalence, so we
need only prove the reverse implication. Suppose that U and V are complete
Segal objects and that f : U → V is a Dwyer-Kan equivalence. Then for any
x, y ∈ U([0]∆, [0]Θ), we have that M
∆
U (x, y) → M
∆
V (fx, fy) is a weak equivalence
in ΘnSp, and that Ho(U)→ Ho(V ) is an equivalence of categories.
Recall that M∆U (x, y) can be written as a (homotopy) pullback
M∆U (x, y)
//

U1

{(x, y)} // U0 × U0
and that Uheq consists of components of U1. Therefore, we can define the mapping
object of equivalencesM∆U (x, y)heq by restricting U1 to Uheq and taking the pullback
M∆U (x, y)heq
//

Uheq

{(x, y)} // U0 × U0.
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We obtain that for any pair of objects (x, y), M∆U (x, y)heq → M
∆
V (fx, fy)heq is a
weak equivalence in ΘnSp.
By precomposing with the degeneracy map s0 : U0 → Uheq, which is an equiva-
lence, we obtain a commutative diagram
U0 //

U0 × U0

V0 // V0 × V0
which is a homotopy pullback diagram since taking the horizontal fibers results in a
weak equivalenceM∆U (x, y)heq →M
∆
V (fx, fy)heq. Because we have assumed that U
and V are complete Segal objects, so that U0 and V0 are essentially constant when
evaluating at objects of Θn, it follows that the map U0 → V0 is a weak equivalence.
Then U1 → V1 must also be a weak equivalence, since
U1 //

U0 × U0

V1 // V0 × V0
is a pullback diagram with horizontal maps fibrations, since U and V are Reedy
fibrant, and therefore a homotopy pullback diagram. Using the Segal condition, we
have established that f is a Reedy weak equivalence. 
However, we need the following stronger result.
Theorem 8.18. A map f : U → V of Segal objects is a Dwyer-Kan equivalence if
and only if it is a weak equivalence in the model category CSS(ΘnSp).
The heart of the proof is in the following method for completing a Segal object.
Lemma 8.19. Given any Segal object W , there exists a completion map iW : W →
Ŵ d such that:
(1) the completion Ŵ d is a complete Segal object;
(2) the map iW is a weak equivalence in CSS(ΘnSp); and
(3) the map iW is a Dwyer-Kan equivalence.
Proof. Generalizing the discrete object E above, let E(k) denote the nerve of the
category with (k + 1) objects and a single isomorphism between any two of them,
regarded as a discrete simplicial object in Θopn .
Since W is a Segal object, if we fix an object of Θopn , we have a Segal space in
the ordinary sense to which we can apply completion. Therefore, we simply define
the completion of W to be given by the levelwise completion of Segal spaces to
complete Segal spaces as defined in [18, §14]. More precisely, define the completion
Ŵ = diag∆
(
[m] 7→WE(m)
)
= hocolim∆
(
[m] 7→ WE(m)
)
.
Now observe that W can be regarded as a homotopy colimit of the constant
diagram given by W itself. We know that the unique map E(m)→ ∆[0] induces a
categorical equivalence W → WE(m) which, by Proposition 8.15 is a weak equiv-
alence in the model structure ACSS(ΘnSp), hence also in CSS(ΘnSp). The map
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W → Ŵ is given by the induced map on homotopy colimits and is hence a weak
equivalence. The fact that Ŵ is a fibrant object in ACSS(ΘnSp) follows from
the fact that we defined it as a levelwise completion, so it satisfies the required
conditions, i.e., (1)-(4) Definition 5.3, and hence also (4’) from Remark 5.5.
Next, we show that the map W → Ŵ is a Dwyer-Kan equivalence. By con-
struction, it is essentially surjective, in that it induces an essentially surjective map
on homotopy categories, so we need only check the condition on mapping objects.
Consider the 0-coskeleton cosk0(W0) which has as k-simplices the object W
k+1
0 .
We can apply Lemma 8.20 to the mapW → cosk0(W0) and the homotopy pullback
diagrams
Wq //

Wp

W q+10
// W p+10
ranging over all [p]→ [q] in ∆ to conclude that
Wk //

Ŵk

W k+10
// Ŵ k+10
is a homotopy pullback square. The homotopy fibers of the vertical maps are
precisely the mapping objects of W and Ŵ , respectively, which are hence weakly
equivalent. The case where k = 2 gives the required condition for a Dwyer-Kan
equivalence.
We now modify Ŵ so that it satisfies condition (5). Consider the Θn-space Ŵ0,
and the simplicial object cosk0(Ŵ0), equipped with a natural map Ŵ → cosk0(Ŵ0).
Similarly, think of Ŵ ([0]∆, [0]Θ) as a constant Θn-space and take its coskeleton
cosk0(Ŵ ([0]∆, [0]Θ)). Define Ŵ
d to be the pullback of the diagram
Ŵ d //

cosk0(Ŵ ([0]∆, [0]Θ))

Ŵ // cosk0(Ŵ0).
Then Ŵ d is still injective fibrant, and it still satisfies condition (2). Looking at
degree zero, we obtain that Ŵ d0 = Ŵ ([0]∆, [0]Θ). In higher degrees, we get that
Ŵ dn ≃
∐
x,y∈Ŵ([0]∆,[0]Θ)
M∆
Ŵ
(x, y).
In particular,
M∆
Ŵd
(x, y) =M∆
Ŵ
(x, y)
for all x, y ∈ Ŵ ([0]∆, [0]Θ), so Ŵ
d satisfies (3). Then one can check that condition
(4) is also unchanged by taking this construction. By design, Ŵ d additionally
satisfies condition (5), and it comes with a natural completion map iW : W → Ŵ
d,
given by the composite W → Ŵ → Ŵ d.
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Since we have already seen that the first map W → Ŵ is a Dwyer-Kan equiv-
alence, it suffices to prove that the second map Ŵ → Ŵ d is also. We have just
shown that this map is the identity on mapping objects, and since it is also the
identity on objects, it must be a Dwyer-Kan equivalence.
Finally, we need to know that iW is a weak equivalence in CSS(ΘnSp). We
know already that W → Ŵ is a weak equivalence in ACSS(ΘnSp), hence also in
CSS(ΘnSp), so it suffices to check the map Ŵ → Ŵ
d. Let Z be a complete Segal
object in ΘnSp, and consider the map induced map Map(Ŵ
d, Z) → Map(Ŵ , Z).
However, since Z itself satisfies condition (5), any map W˜ → Z is determined by a
map Ŵ d → Z, so the map on mapping spaces is a weak equivalence, as we needed
to show. 
The following lemma, which we have used in the above proof, is essentially given
by a descent argument.
Lemma 8.20. Let X → Y be a map of simplicial objects in ΘnSp such that, for
every map [p]→ [q] in ∆, the induced diagram
Xq //

Xp

Yq // Yp
is a levelwise homotopy pullback square. Then the diagram
X0 //

hocolim∆X

Y0 // hocolim∆ Y
is also a levelwise homotopy pullback square.
We are now able to prove the main result of this section.
Proof of Theorem 8.18. Let f : U → V be a map of Segal objects. Using the
completion functor from Lemma 8.19, we have that f is a weak equivalence in
CSS(ΘnSp) if and only if f̂ : Û
d → V̂ d is a weak equivalence. But f̂ is a map
of complete Segal space objects, which are the fibrant objects in a localized model
structure, so f̂ is a weak equivalence if and only if it is a levelwise weak equivalence.
But then by Proposition 8.17, f̂ is a levelwise weak equivalence if and only if f̂ is
a Dwyer-Kan equivalence. Finally, since Dwyer-Kan equivalences satisfy the 2-out-
of-3 property we also know that f is a Dwyer-Kan equivalence if and only if f̂ is.
Therefore, f is a weak equivalence if and only if it is a Dwyer-Kan equivalence. 
9. Equivalence between Segal category and complete Segal space
objects in ΘnSp
With the results of the last section, we are now able to give the Quillen equiva-
lence between the model structures for Segal category objects and complete Segal
objects. We begin by recalling the model structure for Segal category objects from
[7].
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Definition 9.1. A Segal category object in ΘnSp is a Segal object X in ΘnSp such
that X0 is discrete.
Theorem 9.2. [7, 6.9] There is a cofibrantly generated model structure SeCat(ΘnSp)
on the category of functors X : ∆op → ΘnSp with X0 discrete, with structure defined
as follows.
• Weak equivalences are the maps f : X → Y such that the induced map
LX → LY is a Dwyer-Kan equivalence of Segal space objects.
• Cofibrations are the monomorphisms.
• Fibrations are the maps with the right lifting property with respect to the
maps which are both cofibrations and weak equivalences.
• Fibrant objects are precisely the Segal category objects.
Recall that the underlying objects of the model category for complete Segal space
objects in ΘnSp are functors ∆
op → ΘnSp, whereas the underlying objects of the
model category for Segal category objects are those functors ∆op → ΘnSp which
take the object [0] of ∆op to a discrete object in ΘnSp, i.e., just a set. Therefore,
we have an inclusion functor
I : SeCat(ΘnSp)→ CSS(ΘnSp).
We aim to describe a right adjoint functor to I and show that this adjoint pair
defines a Quillen equivalence of model categories.
Let W be an object of CSS(ΘnSp), thought of as a functor ∆
op → ΘnSp.
Consider the functor U = cosk0(W0). Thinking instead of W as a functor ∆
op ×
Θopn ×∆
op → Sets, define V = cosk0(W ([0]∆, [0]Θ)0).
Using the natural map W → U and the inclusion V →W , define RW to be the
pullback
RW //

V

W // U.
Since W is assumed to be Reedy fibrant, the map W → U is a fibration and
therefore RW is actually a homotopy pullback. The diagrams U and V are still
Segal spaces (and in particular Reedy fibrant) but in general they are no longer
complete.
Observe that RW has discrete Θn-space in degree 0. Therefore, we have defined
a functor
R : CSS(ΘnSp)→ SeCat(ΘnSp).
Lemma 9.3. If W is a complete Segal object, then RW is a Segal category object.
Proof. By construction, we know that RW has the necessary discreteness property
in degree 0 since V does. As we observed above, both U and V are both Segal
objects, and so in particular V is a Segal category object. Using the definition of
coskeleton, we get a diagram of Θn-spaces in degree 1
(RW )1 //

W ([0]∆, [0]Θ)0 ×W ([0]∆, [0]Θ)0

W1 // W0 ×W0.
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Looking at the corresponding pullback diagram in degree 2,
(RW )2 //

(W0,[0],0)
3

W2 ≃W1 ×W0 W1 // (W0)
3
we can see that (RW )2 must be weakly equivalent to (RW )1 ×(RW )0 (RW )1. Pro-
ceeding similarly in higher degrees, we have that RW satisfies the Segal condi-
tion. 
Proposition 9.4. The functor R is right adjoint to the inclusion functor I.
Proof. We need to prove that, for any object Y in SeCat(ΘnSp) and any object W
in CSS(ΘnSp),
HomSeCat(ΘnSp)(Y,RW )
∼= HomCSS(ΘnSp)(IY,W ).
Since I is just the inclusion functor, note that IY = Y .
Suppose we have a map Y → W . Since Y0 is assumed to be discrete, Y0 =
Y ([0]∆, [0]Θ)0, viewed as a constant functor Θ
op
n → sSets. Therefore, if V =
cosk0(W ([0]∆, [0]Θ)0) as before, the map Y →W factors uniquely through V . The
universal property of pullbacks then gives a unique map Y → RW . Thus, we
have described the functor ϕ : Hom(Y,W )→ Hom(Y,RW ). We claim that ϕ is an
isomorphism.
The map ϕ is surjective, since any map Y → RW arises from the composite
Y → RW →W . Furthermore, it is injective because of the uniqueness constraints
in the definition of ϕ. 
Proposition 9.5. The adjoint pair (I, R) defines a Quillen pair.
Proof. First, observe that I preserves cofibrations, since in each model category the
cofibrations are precisely the monomorphisms.
It remains to show that I preserves acyclic cofibrations. First recall that a
map in SeCat(ΘnSp) is weak equivalence precisely if the induced map on fibrant
replacements is a Dwyer-Kan equivalence. But these fibrant replacements are Segal
category objects, and therefore Segal space objects. By Corollary 8.18, this map
must be a weak equivalence in CSS(ΘnSp). Therefore, the inclusion functor I
preserves weak equivalences, in particular acyclic cofibrations. 
Theorem 9.6. The adjoint pair (I, R) is a Quillen equivalence.
Proof. Using the argument in the previous proof, we can see that I reflects weak
equivalences, and in particular those between cofibrant objects. Thus, it only re-
mains to show that, given any fibrant object W in CSS(ΘnSp), the map IRW =
RW →W is a weak equivalence in CSS(ΘnSp). Observe that this map is just the
left-hand vertical map j in the pullback diagram
RW //

V

W // U.
Since bothW and RW are Segal space objects, it suffices to verify that j is a Dwyer-
Kan equivalence. By the construction of RW , observe that ob(W ) = ob(RW ), and
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j is the identity map on object sets. For any x, y ∈ ob(W ), consider M∆RW (x, y)→
M∆W (x, y). Using the pullback describing (RW )1 and restricting to this mapping
object, we see that this map must be a weak equivalence in ΘnSp. 
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